UDC 532, 529 + 532, 72 + 533, 6, 011

THE EFFECT OF DIFFUSION RATE ON THE FLOW OF GAS MIXTURES

PMM Vol, 38, N2, 1974, pp.203-210
V.V,.STRUMINSKII
(Moscow)
(Received December 26, 1973)

The laws of motion and heat exchange of gas mixtures are considerably more
complex than of the one-component gases, It is ovbicus on physical grounds that
the determining parameters {density, velocity and temperature) have generally
different mean values for the various components, This results in the appearance
of other macroscopic parameters of flow, in particular, of the mean diffusionrate,

The presence of such nonzero macroscopic flow parameters violates the fun-
damental laws of conservation for components of gas, For each of these only the
law of conservation of mass remains valid, while the laws of conservation of mo-
mentum and energy are no longer satisfied, The motion of individual compon=-
ents is not defined by equations of conventional aerodynamics such as the Euler,
the Navier-Stokes or Barnett's equations, A redistribution of temperature and
flow velocities takes place between individual components of gas, Moreover, as
will be shown subsequently, diffusion rates generate internal stresses and thermal
fluxes which tend to increase the entropy of the gas mixture and to accelerate
its approach to equilibrium,

These additional macroscopic flow parameters substantially affect the motion
and heat exchange in the gas mixture and are, thus, fundamental parameters of
the systern, In spite of this, they are not determined sufficiently accurately, The
classical Chapman-Enskog method is used for solving the system of kinetic equa~-
tions on the assumption that diffusion rates and temperatures vanish in the zero
approximation [1], In that method the diffusion rate appears only in the first
approximation and is naturally inaccurately determined,

As recently shown, stresses and hear fluxes make their appearance in the second
approximation thogether with a whole group of additional Barnett terms, Several
attemnpts at refining the theory of multicomponent gas mixtures have been pub-
lished, The work of Kolodner [2] should be noted in which Grad's method was
applied to a gas mixture and a number of complicated integrals were computed,
and, also, the work of Sirovich [3] in which Kruka's model equation is used in the
case of two-component gas mixtures and the method of iteration is substituted
for that of successive approximations,

Several variants of the method of successive approximations — the method of
small parameter — is used here for solving the system of kinetic equations of gas
mixtures, This is made possible by the presence of the previously mentioned
macroscopic flow parameters which permits the use of various methods of solu~
tion construction,
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The system of kinematic equations can be written in the form

of, 3, Moo
T + v F = z SSS (fs,ffl - f.sf1) q.srbdbds (1)
=1

The density, mean velocity and mean temperature of the S-th component of gas are
uniquely defined by the distribution function f, (r, v, ), while the distribution function

M
f(l'1 v, t) = 2 fs(rv \£ t)
s=1
makes it possible to determine these parameters for the flow of the gas mixture as a
whole,

The first method, The system of kinematic equations is solved by the classical
Chapman«-Enskog method described in the monograph [1], Let us consider this method
in detail in order toelucidate its peculiarities, and some of its advantages and shortcom-
ings,

It is assumed in this method that the probability of collisions between gas molecules
of one and the same kind and those of different kinds is the same, which presupposes that
the gas mixture is fairly uniform, Hence in the first approximation diffusion rates and
temperatures are zero, Since all integrals of collisions in the right~hand sides of the
system of Eqs, (1) are of the same order, that system can be presented in the form

e 1 ﬁ J )
dt & “~ (fs’ fr)
where € is a small parameter, Let us seek a::)lution of the form
fs = 1O + ef D 4 e2f® | | | 3

In the zero approximation we have

© m, % m (v — Uy
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where n;is the density of the s-th component of gas, The mean velocity x, and tem=
perature T, of the s+th component in the zero approximation are equal to the mean
velocity U and temperature 7' of the whole stream, The diffusion rates W* in that
approximation are naturally zero, The system of kinetic equations yields the following
system of transport equations [1]:
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where Pus5, §o and W,® are determined by the known expressions in terms of the dis-
tribution function,
In the zero approximation we have

PaB - Paa(h Ga — 07 Was = ()

In this approximation the motion of the gas mixture as a whole is defined by Euler's
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equations, The motion of individual components of gas does not affect in any way the
over-all motion of gas,

In the first approximation we have
P“B = péa - caﬁy Qa — — }‘- [ Was # 0

In this approximation for the diffusion rates in the stream we obtain the following expres-
sion:

s 72 1 <
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where § is the number of terms of the expansion in Sonin's polynomials and vector d-

is defined b . 1 M
¢ d. = grad (%) + (f— — )grad Inp

n

When § =1, Cy™ 50 and Q,, = 0. Coefficients C, ™ are determined by a
system of algebraic equations [1] Thus in this approximation the motion of a gas mix-
ture is defined by the Navier-Stokes equations, although the motion of its individual
components does not explicitly affect the over-all motion of the gas mixture, For the
determination of diffusion rates in the stream we obtain the following system of equa~-
tions: nn

Sty W =W =4,

where D . is the coefficient of binary diffusion,
In the second approximation we have
EY
1)13 = P‘Saﬂ — Ou5 — 2 {)SWQSWT,S, Ja # O, Was ?5 0
s5=1
It will be seen that in this approximation an additional stress tensor, which depends on
the diffusion rate in the stream, appears beside the usual viscous tension tensor, The heat
flux vector has also changed in this approximation,

Thus the diffusion rates affect directly the laws of motion and heat transfer of a gas
mixture only in the second approximation, The most general form of the second appro-
ximation of the Chapman~Enskog method was obtained in [4], as suggested by the author,

The second method, We shall now assume that the probability of collision bet-
ween molecules of the same kind is higher than that of collision betwéen molecules of
different gases, which is equivalent to the assumption of incomplete mixing of gas com~
ponents in the mixture, Hence, even in the zero approximation the diffusion rates are
not zero, In this case the collision integrals in the right-hand sides of system (1) are not
of the same order, and the system of equations can be written in the form

M
df,

ar J(fw fs) + 2 ‘}(fs’ ft 4)

TFS
We seek a solution in the form of series (3) and, using the method described in [5], set
fs = Js ('L’, v, r, n, (l‘, T)v Us (1‘, T)a Ts (1‘, T)) (5)

We represent the dependence of parameters n,, u, and 7', on fast time in accordance
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with [5] in the form

dn .
=g A g2 AN (6)
Jt
oul
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where AL’”, Béﬁ) and C™ are unknown functions which are to be determined,

Substituting (3) and (6) into (4), taking into account (5), and collecting terms of same
powers, we obtain a recurrent system of equations for the determination of | W v, 1)
which for T >> 1, may according to [6] be written as

0=/, 1 @
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The first of Egs, (7) has the following unique nontrivial solution:

o my e m (v —u)? g
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where n,, u, and T, are so far arbitrary functions r and ¢ which define the s-th
kind of gas, The solvability of consequent integral equations of system (7) requires the fulfil-
ment of the following conditions: ...

(S w® gy o

where ¢ = m,, mgy and m* are eigenfunctions of the integral operator of the right-
hand part of (7), and D ( fs} is the nonhomogeneous part of the integral equation in
the k-th approximation, From these conditions we find all unknown functions
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and the notation
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Bs. ©) = SSS I(f,®, £y ma® dv = — 16  PP.
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where ¢ is the reduced initial velocity, 7 is the angle of deflection, and b is the im-
pact distance, is used, For T, = 7T'; these integrals coincide with the integrals presented
in the monograph [1],
Hence it is necessary for the solvability of first approximation equations (7) that the
gasdynamic parameters of gas satisfy the following system of equations:
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The obtained system of equations, similar to Euler’s, shows that averaged stream parame-
ters ng, u; and 7', can be determined for each component of gas already in the zero
approximation, thus making it possible to determine diffusion rates and temperatures,

It will be seen that the equations of conservation of mass are strictly satisfied, while the
equations of conservation of momentum and the equation of energy have now right-hand
sides which for W’ 5= W~ and T, & T, are nonzero,

These right-hand parts determine the interaction between the various components of
gas which tend to equalize the stream temperatures and velocities, The structure of
these expressions, which were strictly derived for gas mixtures in the range of molecule
mass ratio from unity to 200-300, is quite important, It is, however, reasonable to assume
that these expressions can be used for determining with a good approximation finely dis-
persed mediain a considerably wider range of variation of particle masses,

Equations (8) obtained by the new method readily yield the zero approximation rela-
tionship between diffusion rates which were derived by the Chapman~Enskog method in
the first approximation, In fact, if we assume in addition that

3
~0 wg? Z:;“z(), Fo~T

and that parameters of the whole stream satisfy Euler's equations, the second of Eqgs, (8)

ow
ot
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yields

S W= WY =d,, Dy it T KT (9)
=~ n*D_ (1) amgm, QL
where D, is the coefficient of binary diffusion in the first approximation, It will be
seen that expression (9) coincides with the one derived above,

The effectiveness of the new method is now evident, and it is clear that formulas for
diffusion rates and the diffusion coefficients calculated by the Chapman=-Enskog method
are only very approximate, On the same assumptions from the last of Eqgs, (8) we can
obtain the expressions
z nn, 3km _{l'i. 1 T N Z’; |
T nal)m[m +m, <1'T )(ms ‘ m__)—r

Ty [T 7.
(. — us)ﬂ = (!—5;..}. =)=0
which make it possible to determine the temperature difference between various com-
ponents of gas by the diffusion rates in the stream,

The system of Eqs, (8) obtained in the zero approximation can, thus, be used for inves-
tigating gasdynamic flows and heat exchange phenomena in multicomponent gas mix-
tures, A similar system may serve as a reasonable approximation in the investigation
of motion of finely dispersed systems,

To determine parameters of the stream in the first approximation we substitute into
the second of Egs, (7) the relationship between these parameters in the zero approxima-
tion by using formulas (8), After some simple transformations we obtain

(10)
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The sum of integrals in the left-hand part of this expression can be expanded in terms of
irreducible tensors, Let us represent it in the form of expansion

2 Js*. (0) == fg()) {LO + (V _ us)aL((xl) -+ (2(08“(1)35 — UaB) L?Z% + (11)
TS
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Multiplication of each term of the right- and left-hand sides of this equation by 1,(0 —
u)* (Cofod — d,,) and 0 (02 — 5/,) andintegration yields
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Susstituting (11) into formula (10), we obtain

I [(wsws)“B { 2 ——a — LD } (12)
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where in the particular case of Maxwellian molecules D .*? and H* are defined by
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It will be seen that expressions (12) represent the well known nonhomogeneous linear
equations of the kinetic theory, We seek a solution of these integral equations of the

form ’ ; -
g / D
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This solution has been fully investigated in the case of a simple gas with B and C,

deflned by B _ 5 C o 15 m 1
S dn, Qg’?‘) ? s 16 m. o Q22 (14)
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Using the first approximation distribution function and (13) and (14), for the stress tensor
and the heat flux vector we obtain

_)O M D& j (15)
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where the coefficients of viscosity and thermal conductivity are defined with the use of
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Formula (15) shows that in this method stresses and the heat flux vector are affected
by diffusion rates and temperatures even in the first approximation, Analysis of formula
(15) shows that the terms D *® and H * by increasing friction and the heat flux ac-
celerate the gas mixture tendency to equilibrium,
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The third method, In many practically important problems the mean velocity
of the gas mixture as a whole is low or equal zero, while intensive mixing and heat ex-
change processes take place in it at the same time, These processes are effected by dif-
fusion rates, For problems of this class the fundamental assumptions of the second method
are to be used with the addition of condition

nl = nuy - gy -0

The set of gasdynamic parameters of the mixture is then evidently defined in the zero
approximation by the system of Egs, (8) in which W.® and W,* are to be substituted
for u,* and w.>,

From this system of zero approximation equations and certain simplifying assumptions
about low diffusion rates and small temperature differences we obtain the known formulas
(9) of the kinetic theory of gases,

We have thus established the laws of dynamics and heat exchange for gas mixtures
and shown that these are much more complex than those for one-component gases, The
former are no longer defined by equations of conventional aerohydrodynamics, Intensive
interaction takes place between the individual components of gas,

The author thanks Iu, D, Nagornykh and B.M.Markeev for useful discussion and help in
computing complicated integrals,
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